In the present work, we report calculations of resonances in the positron-hydrogen system interacting with screened Coulomb potentials using the method of complex scaling together with employing correlated Hylleraas wave functions. Resonances with natural and unnatural parities are investigated. For the natural parity case, resonance parameters (energy and width) for D-wave resonance states with even parity lying below various positronium and hydrogen thresholds up to the H(N = 4) level are determined. For the unnatural parity case, results for P-even and D-odd resonance states with various screened Coulomb interaction strengths are located below different lower-lying Ps and H thresholds.
Introduction
Resonances in positron-hydrogen scattering were predicted by Mittleman [1] , as they would exist below the N = 2 excited hydrogen threshold, a result of a dipole potential due to the 2s-2p degeneracy of the hydrogen atom, in a manner similar to that of the counter-part in electron-hydrogen scattering. Later, in a conclusive calculation using the complex scaling method and correlated Hylleraas wave functions in parametric form, Doolen et al. reported the lowest S-wave resonance lying below the H(N = 2) threshold [2] . Since then, there have been considerable research activities on theoretical calculations of resonances in the positron hydrogen scattering (Refs. [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] and references therein). For resonances in positron atom scattering with the target other than the hydrogen atom, considerable theoretical activities have also been reported in the literature (Refs. [14] [15] [16] [17] [18] [19] [20] [21] , and references therein). The theoretical studies in atomic resonances involving positrons have been summarized in review articles throughout the years [22] [23] [24] [25] [26] . In a related development, atomic processes in plasmas have also attracted considerable attention (Ref. [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] ). For weakly coupled plasmas such as Debye plasmas, the electronic interactions between charges are modeled with a screened Coulomb potential (SCP). Resonances in electron-atom scattering with SCP have been investigated in recent years [37] [38] [39] [40] [41] [42] [43] . Studies of positron-hydrogen scattering in plasmas such as the positronium formation cross sections have been reported [44] [45] [46] . Investigations on resonances in positron hydrogen resonances with SCP are relatively scarce, but it has started to attract attention [47] [48] [49] [50] . Our present work represents one of such studies. Earlier, S-wave [47] [48] [49] and P-wave [49] resonances (with natural parities) in positron-hydrogen scattering with SCP were calculated. A state with parity of (´1) L is defined as a natural parity state, with L being the total angular momentum of the system, and parity with value of +1 or´1 are called even or odd, respectively. A state with parity of (´1) L+1 is called unnatural parity state. In the present work, we report a calculation on D-wave resonances with natural parity in e + -H scattering with SCP. In addition, we have also investigated resonances with unnatural parities (the P-even and D-odd) resonance states with SCP for the first time, to the best of our knowledge. For pure Coulomb cases, resonances with unnatural parities in e + -H system were reported in recent calculations [9] [10] [11] [12] [13] . Atomic units are used throughout in the present work.
Theory
Consider a three-body Coulomb system formed by an electron, a positron, and a proton, where the proton is assumed to be infinitely heavy, the non-relativistic Hamiltonian describing the unscreened positron-hydrogen system can be expressed as
where
is the kinetic energy operator, and
is the potential energy operator. In the above, the indices 1 and 2 refer, respectively, to the electron and the positron, r 1 and r 2 are their relative distance coordinates, measured from the nucleus of the hydrogen atom, and r 12 denotes the distance between the positron and electron. Recently, there has been considerable interest to investigate properties in atomic systems when the Coulomb interaction between charges is replaced by SCP. An example is when an atomic system is embedded in weakly coupled plasmas, such as Debye plasma modeled by a screening factor, the interaction potential between two charges q i and q j , separated by a distance r ij , becomes V pr ij q " q i q j exp p´r ij {Dq{r ij ,
with D being called the Debye length. Appling Equation (4) to Equation ( 
In the complex scaling method, under the complex transformation of the coordinates r Ñ re iθ ,
the Hamiltonian Equation (1) becomes complex 
Since the factor r 12 appearing in Equation (8) is a dynamical variable in the Hamiltonian, calculations of potential matrix elements require some efforts. In the present calculation, the complex-scaled SCP is approximated by using the Taylor series expansion
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A truncation for the above expansion to N, with a value ranging from 18 to 20 (i.e., the order for 1/D increases up to the power of 17 to 19), is used throughout our work, as the smallest value for D is restricted to 25 a.u. (1/D < 0.04). After some computational trails we believe that keeping the lowest 19 terms of the Taylor series (even they are in alternate "+" and "-" signs) in the expansion would be quite accurate for the problems investigated here. Another reason for keeping 1/D relatively small is that in the present work we concentrate on the Feshbach resonances (those lying below the respective two-body thresholds). As the screening strength 1/D increases, the Feshbach resonances may cross the thresholds to become shape resonances, and may even interact with other resonances, and as such, it would take more effort to analyze our results. For some limited cases (see details later in the text), we have examined the behaviors of resonances near the thresholds, but for the most part we use relatively small 1/D values to examine Feshbach resonances in our present work.
The calculations of the matrix elements are the same as those in Ref. [51] . After the expectation values of r ij , ă r ij n ą, are calculated, they are then multiplied with respective scaling factor e inθ {D n .
The overall matrix elements for H(θ) can be determined by summing up all the contributing factors. The generalized complex eigenvalue problem for Hylleraas-type basis is then solved, in a matrix form, with HC " ENC,
with
where E and C represent the eigenvalues and eigenvectors respectively, and tΨ i u is the basis set for electron and positron (see later in the text). The resonance poles are determined by finding out the position where the complex eigenvalues exhibit the most stabilized characters with respect to the changes of rotation angle θ and the non-linear parameters in the basis set, i.e.,
where α stands for such a non-linear parameter. It has been shown that the stationary conditions are associated with the cusps in θ-trajectories with α held fixed (or in α-trajectories with θ fixed) [22] . Once the position of the resonance pole is determined, the resonance energy E r and total width Γ are given by the following relation
Next, we construct our basis set using Hylleraas coordinates
where y LM 1 2 is the vector coupled product of spherical harmonics for the electron and the positron forming an eigenstate of the total angular momentum L squared and
The indices i, j, and k in Equation (14) are integers satisfying the conditions i ě l 1 , j ě l 2 (for some test cases we use j ě 0), and k ě 0. The size of basis set is determined by i + j + k ď Ω, with Ω being an input integer. The explicit form of the wave function can be written in the form which can be evaluated analytically [51] .
Results and Discussion
In the present investigation, we present results for P-wave and D-wave resonances in positron-hydrogen scattering. In a sense, the present work on the D-wave resonances with natural parity is a continuation of our earlier work [49] in that results for S-wave and P-wave resonances in this positron-hydrogen system with SCP were reported. In the earlier work, those are for natural parity resonances that would appear in scattering with the hydrogen atom in its ground state. Here, we also present results for unnatural parity resonances such as the P-even and D-odd states in the e + -H system, and such resonances would only exist in scattering of positron with hydrogen atom in its excited states [9] . In the present work, as similar to the natural parity states, we consider the cases when the pure Coulomb potentials are replaced by SCP. The notation used to describe a resonance reported here is similar to that used in earlier works, such as A T (nl-k) is used for describing a resonance state, where A T denotes the target atom that can be either hydrogen H or positronium Ps, n is the principal quantum number of the threshold state of A T below which the resonance lies, l is the angular momentum of the target atom (H or Ps), and k is the order of appearance of this resonance lying below the threshold of A T . In the following subsections, we present our results, respectively, for D-wave resonances with natural parity, P-wave resonances with unnatural parity, and D-wave resonances with unnatural parity.
D-Wave Resonances with Natural Parity
We use three groups of expansion sets (see Equation (14) ) to represent the D-state wave functions with natural parity. Using the notation (l 1 , l 2 ), where l 1 and l 2 denote the electron and positron angular momentum, respectively, the groups for D-states are (2, 0), (1, 1) , and (0, 2), coupled to form the total angular momentum of L = 2. For each group, after trial and error, we use Ω = 18 to ensure sufficient convergence of the energy eigenvalues, which leads to 816, 969, and 1140 terms, respectively, and the total number of terms used for the D-wave resonances with natural parity is hence 816 + 969 + 1140 = 2925. In addition, for practical purposes, in the present work we try to limit the total expansion lengths for our basis functions not to exceed 3000. As for the P-even case (later in text), we stop at Ω = 22 with N = 1771 terms.
Next we show our results in Table 1 . For the region below the H(N = 2) threshold we have calculated one resonance state (see Figure 1a ,b). Figure 1a shows the changes in energy for changing µ, with µ = 1/D representing the strength of screening effect. Figure 1b shows the changes for the corresponding Γ/2 when µ is changed. In Figure 1a we also show the energy level of the parent state, the 2p state of the hydrogen atom in screening environments. For the region below the Ps(N = 2) threshold we show results for two members of resonances (see Figure 2a,b) . Similarly, Figure 2a shows the changes in energies for the resonance states as well as for the parent Ps(N = 2) state when µ is changed, and Figure 2b shows the changes in the corresponding Γ/2 for increasing µ. For the region below the H(N = 3) threshold we show the results for two Feshbach type resonances and one shape resonance lying above the H(N = 3) threshold (see Figure 3a-c) ). For the region below the H(N = 4) threshold, we report three lowest lying resonances (see Figure 4a ,b). In a similar fashion, the parts (a) in these figures show energies of the resonance states and of the respective parent states, and the other parts (b) and (c) in the figures show the corresponding changes in Γ/2. For screened Coulomb interactions between charged particles, in general, the resonance energies are all shifted upward due to the screening having a stronger effect on the attractive potentials than on the repulsive potentials. As for most of Feshbach-type resonances, the resonance width Γ will exhibit a decreasing trend as the screening strength, µ = 1/D, is increased. Such phenomenon can be explained as follows. The autoionization of a Feshbach type resonance is a result of momentum transfer, as the positron is knocked out by the electron, via the nucleus of H, after the positron is trapped by the excited target H forming a quasi-bound (resonance) state. Under screening environments, the movements of particles would be slower, hence prolonging (increasing) the lifetime of the quasi-bound (resonance) state, leading to a decrease of the resonance width, a result of the uncertainty principle. This will explain the behaviors for most of the D-wave resonances listed in Table 1 , excepted for the shape resonance lying above the H(N = 3) threshold. The decay of a shape resonance is usually through tunneling. Under screening environments, the shape resonance, lying above the parent state in the pure Coulomb case, will move away from the parent threshold when the screening strength is increased. As a result, the thickness of the potential barrier, through which the positron tunnels out, will be decreased, resulting in shorter tunneling lifetime, and leading to broadening of the resonance width, again a consequence of the uncertainty principle. As for the H(2d-1) state, the width shows an increasing trend when µ is increased. In Figure 1a , it is seen that the energy level for the H(2d-1) state, a Feshbach resonance in the pure Coulomb case, is very close to the threshold of its parent state, the H(2p) level, and as such, a part of the wave function would overlap and pass over the threshold, resulting in some tunneling effect, leading to an increase of resonance width when the screening strength µ is increased. When µ is increased further, it even becomes a shape resonance as its energy now lies above the threshold of the H(N = 2) state (see Table 1 ), and its width would be further increased. 4.0x10 -6 6.0x10 -6 8.0x10 4.0x10 -6 6.0x10 -6 8.0x10 
P-Wave Resonances with Unnatural Parity
For this case, we use one group of expansion (see Equation (14)) to construct the wave functions, and in the notation (l1, l2), it is (1, 1) coupled to form the total angular momentum state of L = 1. For this group, we use Ω = 22, which leads to 1771 terms used for the P-wave resonances with unnatural parity. Such P-even resonances are denoted as P e states. We present our numerical results for these states in Table 2 and they are plotted in Figures 5-8 . For the region below the Ps(N = 2) threshold we have calculated one state, and Figure 5a shows the changes in resonance energy and the parent Ps(2p) state energy for changing μ, and Figure 5b shows the changes in the corresponding Γ/2 when μ is changed. For the region below the H(N = 3) threshold we show results for one resonance. Figure 6a ,b are for, respectively, changing energies and changing Γ/2. For this resonance it is denoted as H(3p e -1). Figure  7a ,b are for, respectively, changing energies and changing Γ/2, for two resonances lying below the H(N = 4) threshold. Under the screening influences, the states denoted as H(4p e -1) and H (4p e -2) show decreasing in width when the screening strength μ is increased. This can be explained in a similar way as those for the Feshbach resonances discussed above in Section 3.1. As for the Ps(2p e -1) and H(3p e -1) states, the widths show an increasing trend when μ is increased. In Figure 6a it is seen that the energy level for the H(3p e -1) state is very close to the threshold of its parent state, the H(3p) level, and the tunneling effect from part of its wave packet would lead to increasing in width as the screening strength μ is increased. Such phenomenon is similar to that for the H(2d-1) state with natural parity, as discussed in Section 3.1. As for the Ps(2p e -1) state, its width also shows an increasing trend when 
For this case, we use one group of expansion (see Equation (14)) to construct the wave functions, and in the notation (l 1 , l 2 ), it is (1, 1) coupled to form the total angular momentum state of L = 1. For this group, we use Ω = 22, which leads to 1771 terms used for the P-wave resonances with unnatural parity. Such P-even resonances are denoted as P e states. We present our numerical results for these states in Table 2 and they are plotted in Figures 5-8 . For the region below the Ps(N = 2) threshold we have calculated one state, and Figure 5a shows the changes in resonance energy and the parent Ps(2p) state energy for changing µ, and Figure 5b shows the changes in the corresponding Γ/2 when µ is changed. For the region below the H(N = 3) threshold we show results for one resonance. Figure 6a ,b are for, respectively, changing energies and changing Γ/2. For this resonance it is denoted as H(3p e -1). Figure 7a ,b are for, respectively, changing energies and changing Γ/2, for two resonances lying below the H(N = 4) threshold. Under the screening influences, the states denoted as H(4p e -1) and H (4p e -2) show decreasing in width when the screening strength µ is increased. This can be explained in a similar way as those for the Feshbach resonances discussed above in Section 3.1. As for the Ps(2p e -1) and H(3p e -1) states, the widths show an increasing trend when µ is increased. In Figure 6a it is seen that the energy level for the H(3p e -1) state is very close to the threshold of its parent state, the H(3p) level, and the tunneling effect from part of its wave packet would lead to increasing in width as the screening strength µ is increased. Such phenomenon is similar to that for the H(2d-1) state with natural parity, as discussed in Section 3.1. As for the Ps(2p e -1) state, its width also shows an increasing trend when the screening strength is increased (see Figure 5b ). An explanation for such a behavior is not so certain at present, as on one hand this state is of Feshbach type and we might expect that its width would show a decreasing trend for increasing µ. But on the other hand, its resonance position is quite close to the parent threshold, and thus the tunneling effect may play a dominate role for this unnatural parity resonance. Nevertheless, the reported resonance parameters are quite accurate, and we hope that our results would stimulate further investigations on this system in order to shed light on such an intriguing phenomenon.
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D-Wave Resonances with Unnatural Parity
For D-wave resonance states with unnatural parity, we use two groups of expansion (see Equation (14)) to construct their wave functions. In the notation (l1, l2) as described before, they are (2, 1) and (1, 2), coupled to form the total angular momentum L = 2 for such states. For each group, we use Ω = 21, which leads to 1330 and 1540 terms, respectively, and the total number of terms used for the D-wave resonances with unnatural parity is hence 1330 + 1540 = 2870. We show our results in Table 3 . For the region below the H(N = 3) threshold we have calculated one state, denoted as H(3d°-1), and Figure 8a shows the changes in the resonance energy and in the energy of the parent H(3d) state for changing μ, and Figure 8b Figure 10a ,b are for, respectively, changing energies and changing Γ/2, for the H(4d°-4) state. Returning to the H(3d°-1) state which lies below the H(N = 3) threshold, for screened Coulomb interactions between charged particles the energy for such a state lies very close to the threshold energy of its parent state (see Figure 8a) . When the screening strength μ is increased the resonance width shows an increasing trend. This implies that a part of the resonance wave function exhibits some overlapping behavior with the threshold of the parent state, and hence the tunneling effect similar to a shape resonance would occur, leading to the increase of resonance width as μ is increased (see Figure 8b) . As for the resonances below the H(N = 4) threshold, the three lowest-lying members (see Figure 9a ) all show a decreasing trend for increasing μ. Such phenomenon is in line with the fact that they are Feshbach type resonances (see Section 3.1 for an explanation). Figure 10a shows the energy level for the fourth member below the H(N = 4) threshold. As such a resonance state lies very close to the parent threshold, the phenomenon is very much similar to that of the H(N = 3) state, and as part of the wave function exhibiting tunneling effect, it would lead to the increase in resonance width when the screening strength μ is increased. Lastly, it should be mentioned that we have not found any D-wave odd parity resonances below the positronium N = 2 threshold. This is consistent with our earlier findings [9] , and also with other earlier results [20] . 7.0x10 -6 7.5x10 -6 8.0x10 -6 8.5x10 -6 9.0x10 -6 9.5x10 -6 1.0x10 -5 6.5x10 -6 7.0x10 -6 7.5x10 -6 8.0x10 -6 8.5x10 -6 9.0x10 -6 9.5x10 
For D-wave resonance states with unnatural parity, we use two groups of expansion (see Equation (14) ) to construct their wave functions. In the notation (l 1 , l 2 ) as described before, they are (2, 1) and (1, 2), coupled to form the total angular momentum L = 2 for such states. For each group, we use Ω = 21, which leads to 1330 and 1540 terms, respectively, and the total number of terms used for the D-wave resonances with unnatural parity is hence 1330 + 1540 = 2870. We show our results in Table 3 . For the region below the H(N = 3) threshold we have calculated one state, denoted as H(3d˝-1), and Figure 8a shows the changes in the resonance energy and in the energy of the parent H(3d) state for changing µ, and Figure 8b Figure 10a ,b are for, respectively, changing energies and changing Γ/2, for the H(4d˝-4) state. Returning to the H(3d˝-1) state which lies below the H(N = 3) threshold, for screened Coulomb interactions between charged particles the energy for such a state lies very close to the threshold energy of its parent state (see Figure 8a) . When the screening strength µ is increased the resonance width shows an increasing trend. This implies that a part of the resonance wave function exhibits some overlapping behavior with the threshold of the parent state, and hence the tunneling effect similar to a shape resonance would occur, leading to the increase of resonance width as µ is increased (see Figure 8b) . As for the resonances below the H(N = 4) threshold, the three lowest-lying members (see Figure 9a ) all show a decreasing trend for increasing µ. Such phenomenon is in line with the fact that they are Feshbach type resonances (see Section 3.1 for an explanation). Figure 10a shows the energy level for the fourth member below the H(N = 4) threshold. As such a resonance state lies very close to the parent threshold, the phenomenon is very much similar to that of the H(N = 3) state, and as part of the wave function exhibiting tunneling effect, it would lead to the increase in resonance width when the screening strength µ is increased. Lastly, it should be mentioned that we have not found any D-wave odd parity resonances below the positronium N = 2 threshold. This is consistent with our earlier findings [9] , and also with other earlier results [20] . 4.0x10 -6 6.0x10 -6 8.0x10 -6
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Conclusions
In the present work, we report results of resonance parameters (energy and width) for the P-wave (with unnatural parity) and D-wave (with both natural and unnatural parities) in the positron-hydrogen system interacting with screened Coulomb potentials. By employing highly correlated Hylleraas functions and using the complex-scaling method for resonance calculations, some lower-lying resonance states in the said system up to the H(N = 4) threshold are determined under various screening strength conditions, and the behaviors for such resonance states in the case of screened Coulomb potential are also discussed. It is hoped that our findings will provide useful references to the communities in atomic physics, positron physics, plasma physics, and nuclear physics, as our method can also be applied to systems with Yukawa potentials. In addition, it is hoped that our work will stimulate further investigations on resonances with screened Coulomb potentials, or other forms of screening potentials such as the exponential cosine screened Coulomb potentials, on systems with positron-atom interactions. Finally, we should mention that at present it is unlikely that there will be any experimental confirmation of our present results. However, we are confident that our results are quite accurate and hope that they would provide motivation to experimentalists to search for such resonances in positron-hydrogen scattering, with and without the screened Coulomb effect.
